The partition function of the ABJM theory receives non-perturbative corrections due to instanton effects. We study these non-perturbative corrections, including bound states of worldsheet instantons and membrane instantons, in the Fermi-gas approach. We require that the total non-perturbative correction should be always finite for arbitrary Chern-Simons level. This finiteness is realized quite non-trivially because each bound state contribution naively diverges at some levels. The poles of each contribution should be canceled out in total. We use this pole cancellation mechanism to find unknown bound state corrections from known ones. We conjecture a general expression of the bound state contribution. Summing up all the bound state contributions, we find that the effect of bound states is simply incorporated into the worldsheet instanton correction by a redefinition of the chemical potential in the Fermi-gas system. Analytic expressions of the 3-and 4-membrane instanton corrections are also proposed.
Introduction
Recently, there is much progress in the 3-dimensional N = 6 supersymmetric Chern-Simonsmatter theory with gauge group U(N) k × U(N) −k , known as the Aharony-Bergman-JafferisMaldacena (ABJM) theory [1] . Since the ABJM theory is believed to describe the low energy effective theory on the N multiple M2-branes, the study of this theory is a significant step to understand M-theory. It was shown in [2, 3, 4] that the partition function and vacuum expectation values of BPS Wilson loops in 3d supersymmetric Chern-Simons theories including the ABJM theory are reduced to finite-dimensional matrix integrals after the localization technique [5] is applied. This reduction allows us to use many matrix model techniques. In [6] , the famous N 3/2 degrees of freedom of M2-branes predicted from the AdS/CFT correspondence [7] was reproduced from the free energy of the matrix model in the leading 't Hooft expansion. After that, it was shown in [8] that the all-genus summation results in the expression by the Airy function if the worldsheet instanton corrections are dropped out. In [9] , another formulation to study the ABJM matrix model was introduced. The crucial point is that the ABJM partition function is regarded as the partition function of an ideal Fermi-gas system. 1 This equivalence enables us to apply the standard methods in quantum mechanics and statistical mechanics. Since the Chern-Simons level k plays a role of the Planck constant = 2πk, the WKB expansion corresponds to the expansion around k = 0, which is the strong coupling limit in the ABJM theory. In [9] , such a WKB expansion of the partition function was studied in detail, and further developed in [15] . The Fermi-gas formalism is also powerful to compute the partition function exactly. In [16, 17] , the exact ABJM partition function at k = 1 was computed up to some values of N. In [18] , we further developed the method to compute the partition function and obtain its exact values for higher N at various levels k. Using these exact values, we can extract the non-perturbative corrections to the partition function by subtracting the perturbative Airy function contribution. The result is recapitulated in (A.1), with the notation explained below.
In the Fermi-gas formalism, it is useful to consider the grand partition function and the grand potential. The grand potential is divided into the following three contributions,
where J (pert) (k, µ), J (np) (k, µ) and J (osc) (k, µ) represent the perturbative, the non-perturbative and the oscillatory parts, respectively. The oscillatory part J (osc) (k, µ) arises because the perturbative and the non-perturbative parts do not respect the periodicity in µ that the 1 Various ideas related to this formulation were proposed, including the mirror expression in [2, 10] , generalizations to less supersymmetric case [11] or Wilson loop expectation values [12] , and studies [13] of the ABJ partition functions [14] .
grand partition function originally has. However, as discussed in [18] , this oscillatory part can be removed by the deformation of the contour when we consider the partition function. Thus we neglect it in this paper. The perturbative part was computed in [9] and is given by
where
The small k expansion of A(k) was first computed in [9] , and then its exact form was proposed in [19] . Using this result, one can easily rederive the perturbative partition function including all the 1/N corrections [8] .
In the present paper, we study the non-perturbative part in more detail. It is known that there are at least two kinds of instantons that induce the non-perturbative corrections in the ABJM theory. One is called the worldsheet instanton, and the other the membrane instanton. From the viewpoint of the Type IIA string theory on AdS 4 × CP 3 , which is holographically dual to the ABJM theory in the 't Hooft limit, the worldsheet instanton comes from the fundamental string wrapping the holomorphic cycle CP 1 ⊂ CP 3 [6, 20] , while the membrane instanton comes from the D2-brane wrapping the Lagrangian submanifold RP 3 ⊂ CP 3 [21] .
The membrane instanton correction and the worldsheet instanton correction to the grand potential take the following forms [9] :
, it is more appropriate to consider the M-theory on AdS 4 × S 7 /Z k as the holographic dual. From this M-theory perspective, the membrane instantons and the worldsheet instantons are both coming from the M2-branes wrapping some 3-cycles M and W in S 7 /Z k , where M and W descend to RP 3 and CP 1 in the Type IIA picture, respectively. As suggested in [18] and further explained in [15] , in addition to such two kinds of instantons, it is natural to expect that there is a bound state of ℓ-membrane instanton and m-worldsheet instanton which gives rise to the correction of order O(e −(2ℓ+ 4m k )µ ). In the M-theory picture, such an (ℓ, m) bound state corresponds to an M2-brane wrapping ℓ times on M and m times on W. Therefore the non-perturbative part is expected to have the following form, 5) where the membrane instanton correction corresponds to m = 0, while the worldsheet instanton correction to ℓ = 0. Our goal is to determine the coefficient f ℓ,m (k, µ) of the (ℓ, m) bound state correction. In the Fermi-gas approach, the membrane instanton corrections appear as exponentially suppressed corrections in µ, while the worldsheet instanton corrections appear as quantum mechanical instantons. This means that the membrane instantons can be captured in the standard WKB analysis but the worldsheet instantons are invisible in the small k expansion. Fortunately, since the worldsheet instanton corrections are related to the known results of the topological string on local F 0 , we can systematically compute d m (k), as pointed out in [18] . The bound state contributions are also invisible in the WKB analysis. Moreover, it is unclear how these corrections are understood in the topological string context. There are no results on the bound state correction f ℓ,m (k, µ) so far.
To overcome this difficulty, we employ the following strategy. We require that the nonperturbative correction J (np) (k, µ) should be always finite for arbitrary value of k. This fact was first observed in [18] for some integers k. This requirement is realized very non-trivially because each bound state contribution f ℓ,m (k, µ) naively has poles at some values of k. As an example, let us consider the O(e −2µ ) correction at k = 2n (n ∈ Z). At k = 2n, the O(e −2µ ) correction comes from the two contributions: the 1-membrane instanton and the n-worldsheet instanton. There are no bound state contributions at this order. As pointed out in [18] , the n-worldsheet instanton contribution f 0,n (k, µ) diverges at k = 2n. Thus the 1-membrane instanton contribution f 1,0 (k, µ) must also diverge at k = 2n, and the sum of these two contributions becomes finite. Using this pole cancellation mechanism in addition to the matching of a few coefficients of the WKB expansion, we proposed in [18] the explicit form of the 1-membrane instanton correction f 1,0 (k, µ). Recently, the 2-membrane instanton contribution f 2,0 (k, µ) was also proposed in the similar strategy [15] . Here we use the pole cancellation mechanism to find the general bound state correction f ℓ,m (k, µ). Remarkably, from this pole cancellation mechanism and some other input data, we can conjecture the explicit form of f ℓ,m (k, µ). Our conjecture resolves all the discrepancies observed in our previous paper [18] . After summing up all the bound state contributions, we find that the bound state contributions are incorporated into the worldsheet instanton correction by a simple redefinition of the chemical potential, 6) where the redefined chemical potential µ eff is given by
Thus our remaining task is to determine the membrane instanton correction J M2 (k, µ) and the worldsheet instanton correction J WS (k, µ). As mentioned above, J WS (k, µ) can be systematically computed up to any desired order once the weighted sum of Gopakumar-Vafa (GV) invariants on local F 0 is known. The membrane instanton correction J M2 (k, µ) will be also determined order by order. In this paper, we further propose the 3-and 4-membrane instanton corrections explicitly. The organization of this paper is as follows. In the next section, we shall first review the Fermi gas formalism. In section 3 we shall embark on our study of the bound state corrections. Using the results found in section 3, in section 4 we proceed to higher membrane instanton corrections. Finally we conclude in section 5. Appendices A and B are devoted to the summary of the known results of the non-perturbative corrections of grand potential and the instanton coefficients. In appendix C, we derive the relation between µ and µ eff for even k.
Review of the Fermi-gas approach
Let us start by reviewing the Fermi-gas formalism describing the ABJM partition function proposed in [9] and the non-perturbative corrections to the grand potential [9, 18, 15] .
Fermi-gas formalism
The partition function of ABJM theory on a round S 3 is written as a matrix integral [2] 
The key observation in [9] is that (2.1) can be recast into the partition function of a Fermi-gas system
with the density matrix given by
After introducing the chemical potential µ or the fugacity z = e µ , the grand partition function
is written as the well-known form for the Fermi-gas system,
where E j is the energy spectrum of the one-particle Hamiltonian defined bŷ
Mathematically, the grand partition function is nicely expressed as a Fredholm determinant for the kernel ρ,
We are interested in the non-perturbative corrections to the grand potential defined by
Note that the partition function can be reconstructed from the grand partition function by
Non-perturbative corrections to the grand potential
As mentioned in the introduction, the grand potential receives the non-perturbative corrections. The worldsheet instanton correction J WS (k, µ) can be systematically computed by using the results of the topological string on local F 0 ,
where n g d denotes the weighted sum of GV invariants on local
It is easy to see that the coefficient d m (k) is explicitly written as 12) where d|m means that d is a divisor of m. Using the data of GV invariants in [23, 22] , we can compute n g d up to (g, d) = (7, 7). The result is summarized in Table 1 . From these values, we can compute d m (k) up to m = 7. It is more difficult to determine the membrane instanton contribution
In [9, 15] , the WKB expansions of the coefficients a ℓ (k), b ℓ (k) and c ℓ (k) were studied. In [18] , the 1-membrane instanton correction f 1,0 (k, µ) was proposed based on the requirement of the pole cancellation and the matching of the small k expansion. Recently, the 2-membrane instanton correction f 2,0 (k, µ) was also proposed in a similar way [15] . The results are summarized in (B.1), (B.2), and (B.3). Let us here sketch the pole cancellation mechanism, which is important in our later analysis. We first notice that the coefficients (2.12), (B.1) and (B.2) have the poles at some values of k. The crucial point is that these poles should be canceled by other contributions including the bound states at the same order. The final result of J (np) (k, µ) is finite even for these values of k. As an example, let us consider the O(e −2µ ) corrections for even integer k = 2n. In this case there are two contributions: the 1-membrane instanton and the n-worldsheet instanton. At this order, there are no bound states, and the total non-perturbative correction is given by the sum of the 1-membrane instanton correction and the n-worldsheet instanton correction. At k = 2n, the coefficients b 1 (k) and c 1 (k) are divergent. One can easily check that the behavior near k = 2n is given by
On the other hand, at k = 2n, the worldsheet instanton correction f 0,n (k, µ) is also divergent.
Its pole structure is given by
where w n are some constants. The poles from f 1,0 and f 0,n precisely cancel, and we get the final answer,
. In [15] , such pole cancellation mechanism was considered at order O(e −4µ ) for odd integer k to find the 2-membrane instanton coefficients (B.2). For such k, there are no bound state contributions either, and one can focus on the membrane instantons and the worldsheet instantons only. In the next section, we consider some other cases where the bound state instanton corrections exist. We use the pole cancellation mechanism to find the coefficients f ℓ,m (k, µ).
Bound state corrections
In this section, we consider the bound state contribution f ℓ,m (k, µ).
(1, n) bound state
Let us first consider the (1, n) bound state. If we focus on the O(e −4µ ) term for even integer k = 2n, there are three contributions: the 2-membrane instanton, the 2n-worldsheet instanton and the (1, n) bound state. Using (B.2), the behavior of the 2-membrane instanton correction at k = 2n is given by
One can check that the pole structure of the 2n-worldsheet instanton correction is also given by
where v n are some constants whose first few values are given by
Thus, the sum of these two corrections is
These poles must be canceled by the contribution from the (1, n) bound state. We propose the following form of the (1, n) bound state coefficient:
As we will see below, our proposal (3.5) passes many non-trivial tests. Firstly, (3.5) precisely cancels the poles in (3.4). Secondly, (3.5) correctly reproduces the finite part of J (np) (µ) in (A.1). Let us see these in more detail. At k = 2n, f 1,n in (3.5) behaves as 6) where the first few values of the constants u n are given by
Thus the total result becomes finite,
whose first three values are given by All these results perfectly agree with (A.1) again. From these checks, we strongly believe that our conjecture (3.5) is correct for any n.
3.2 (2, n) and (3, n) bound states
Next let us consider the (2, n) bound states. For these bound states, we have less information. However, we here propose that f 2,n (k, µ) is given by the following simple and beautiful form: These correctly reproduce the result (A.1). As we will see in the next section, our proposal (3.13) is also consistent with the pole structures of b 3 (k) and c 3 (k).
From the forms of f 1,n and f 2,n , it is natural to expect that f 3,n takes the following form:
where s and t are some constants. To fix s and t, we consider the O(e −8µ ) terms at k = 2.
These terms come from (4, 0), (3, 1), (2, 2), (1, 3) and (0, 4). By comparing the coefficients of µ 2 e −8µ , we obtain the constraint From these conditions, s and t are completely fixed, and we find
Thus (3.16) becomes
Summing up all the bound states
Let us summarize the results in the previous subsection. For notational simplicity, we introduce
In terms of A ℓ,m , our conjecture of the bound state contributions f 1,m , f 2,m and f 3,m in the previous subsection are written as
These expressions immediately suggest us that the general coefficient f ℓ,m is given by
where the sum runs over all the allowed partitions of ℓ labeled by (p 1 , . . . , p ℓ ) satisfying
One non-trivial check of this conjecture is to predict the coefficient of µ 2 e −10µ at k = 2. Using the explicit forms of a ℓ (k) (ℓ = 1, . . . , 5) in [ This perfectly agrees with the result in (A.1)! In the above computation, each bound state contributes quite non-trivially, and the sum of all these bound states reproduces the correct answer. Therefore this match strongly supports our conjecture (3.23) (at least up to ℓ = 4). If this conjecture is correct, we can perform the sum over ℓ in J (np) (µ),
Using the summation formula
we finally obtain
.
(3.28)
This result means that all the bound state contributions are incorporated into the worldsheet instanton corrections by redefining the chemical potential µ, as in (1.6) and (1.7). For even k = 2n, in particular, we can write down the analytic relation between µ and µ eff ,
A derivation of this expression is presented in appendix C. Similarly, for odd k, from the numerical value, we conjecture that
These relations are very similar to the relation between the function κ of the 't Hooft coupling λ = N/k and the derivative of the genus-zero free energy, found in [6] .
Higher membrane instanton corrections
In this section, we would like to find the higher membrane instanton corrections
In [15] , the explicit forms of a ℓ (k) up to ℓ = 5 have been proposed.
Here we first conjecture b 3 (k) and c 3 (k), and then we will make an observation, with which we can further proceed to discussing b 4 (k) and c 4 (k).
Conjecture for b 3 (k) and c 3 (k)
Let us consider the e −6µ terms. For odd k = 2n + 1, such terms should vanish. These contributions come from (3, 0) and (1, 2n + 1). This means that f 3,0 should behave, in the
This is consistent with a 3 (2n + 1) = 0, and give the conditions for b 3 (k) and c 3 (k),
Next let us consider k = 2n/3 (n ∈ 3Z). In this case, the O(e −6µ ) terms come from (3, 0) and (0, n). The pole structure of f 0,n e −4nµ/k takes the following form,
These poles must be canceled by the poles from b 3 (k) and c 3 (k). Thus we require the conditions at k = 2n/3 (n ∈ 3Z),
Finally let us consider k = 2n. For such k, (3, 0), (2, n), (1, 2n) and (0, 3n) bound states contribute to the O(e −6µ ) terms. Since we have already known the analytic expressions of f 2,n , f 1,2n and f 0,3n for small n, we find the pole structure of each term at k = 2n,
with some constants x n , y n and z n . The requirement of the pole cancellation gives the conditions
(4.2), (4.5) and (4.7) are the pole conditions that b 3 (k) and c 3 (k) should satisfy.
Here we propose the explicit forms of b 3 (k) and c 3 (k) satisfying both the above pole structures and the correct WKB expansions in [15] , We should comment on our proposal (4.8). First of all, the pole conditions and the coefficients of the WKB expansions in [15] do not fix the forms of b 3 (k) and c 3 (k) completely. We need to make assumptions for the forms of these functions, and then try to fix the coefficients in the ansatz. For b 3 (k), we can fix all the unknown coefficients in the ansatz from the pole conditions and a part of the WKB data, and check that the obtained result give the higher coefficients of the WKB expansion correctly. For c 3 (k), however, there are too many unknown parameters in the ansatz to fix them from the pole conditions and the WKB data. Nevertheless, we conjecture the explicit form (4.8). To find it, we follow the criteria that c 3 (k) should not have so complicated coefficients. This criteria seems to be natural from the results for c 1 (k) and c 2 (k). Moreover, in the next subsection, we will find a very non-trivial relation (see (4.16) ). Using this relation, c ℓ (k) is automatically determined by b ℓ (k), and this relation is valid for ℓ = 3 as well as ℓ = 1, 2. However, there remains an important problem to check whether our proposal for c 3 (k) indeed reproduces the higher WKB coefficients correctly or not.
Some observations
Concerning the forms of membrane instanton corrections, we find some curious observations. As seen in the previous section, the summation over the bound states results in the worldsheet instanton correction with the redefined chemical potential µ eff . This fact suggests us to rewrite the other part of the grand potential also in terms of µ eff . Namely, we would like to rewrite the sum of the perturbative part and the membrane instanton part
where we have introduced the notation
When writing in terms of µ eff = µ + J a (k, µ)/C(k), the µ 2 J a term in (4.10) is absorbed into the perturbative part and the final result becomes
where J b (k, µ eff ) and J c (k, µ eff ) are given by
The coefficients b ℓ (k) and c ℓ (k) are related to a ℓ (k), b ℓ (k) and c ℓ (k). The first three coefficients are explicitly found to be Very surprisingly, we find that c ℓ (k) can be expressed by b ℓ (k),
We stress that, if we use this relation, c ℓ (k) is completely determined by b ℓ (k) and subsequently the original coefficients b ℓ (k) and c ℓ (k) can be reconstructed by these redefined functions. Therefore we expect that the redefined function b ℓ (k) plays a more fundamental role in studying the higher membrane instanton corrections. Furthermore, we note that b ℓ (k) has an interesting structure. Considering that the poles appearing in d m (k) originate from the genus-zero GV invariants n 0 d , we should be able to separate the divergences in b ℓ (k) and express them in terms of n 0 d . In fact we find that b ℓ (k) can be written as From this, we conjecture that the general structure of b ℓ (k) is given by
This structure of the divergent part solves the pole cancellation condition explicitly. In fact, using (4.16), we find that the divergence coming from 19) at k = 2m/ℓ cancels each other. Besides, we find that the remaining finite part of
at integers k is given by Note especially that the β dependence at even integers k is a simple sum, while that at odd integers k is an alternating sum. This means the finite parts for integers k give only two conditions. Moreover, the condition for even integers is essentially same as the condition from the next-to-leading WKB coefficient of b ℓ (k). Let us see this fact in more detail. We notice that the leading and the next-to-leading WKB coefficients of b ℓ (k) are related to the g = 0 GV invariants n 0 d and the coefficient β ℓ,n through 21) where the WKB expansion of b ℓ (k) is defined by
Recalling that the leading and the next-to-leading WKB coefficients of a ℓ (k), b ℓ (k) and c ℓ (k) are easily computed from the functions J 0 (µ) and J 1 (µ) in [9] , one can compute b We also note that the non-perturbative corrections to the grand potential at k = 1, 2 are particularly simple because the contributions for g > 1 in J WS trivially vanishes,
Finally, let us study the redefinition of µ eff itself. We can also express µ in terms of µ eff : 24) where the coefficients e ℓ (k) are related to a ℓ (k) and fixed order by order, These look simpler than a ℓ (k).
Further conjecture for b 4 (k) and c 4 (k)
If we believe the relation (4.16) holds for any ℓ, the whole system of b ℓ (k) and c ℓ (k) are determined explicitly by b ℓ (k), which consists of fewer coefficients. To determine b 4 (k), we make an ansatz for b 4 (k) similar to the form of a 4 (k), as in the case for ℓ = 1, 2, 3. If we require that, in the sectors with
• (4, 0) and (0, n) bound states at k = n/2 (for n = 1, 3, 5, 7),
• (4, 0), (2, n) and (0, 2n) bound states at k = n (for n = 1, 3),
• (4, 0), (3, 1), (2, 2), (1, 3) and (0, 4) bound states at k = 2, the poles cancel and the finite terms for the integer k match with our fitting results (A.1), we find explicitly that Note that as we have studied in (4.18), b 4 (k) can also be put into the form The first two coefficients are found to match the results of [9] correctly. However, these matches are automatic from the above cancellation mechanism.
3
We can repeat the same analysis for b 5 (k) and c 5 (k). However, in an ansatz of b 5 (k) similar to a 5 (k), there are more coefficients than conditions and we cannot determine them explicitly. One way to see it is that, as we noted below (4.20) , the finite values of J(k, µ) for integers k gives two conditions to determine two coefficients β 4,n in b 4 (k), while b 5 (k) is expected to have more coefficients which cannot be determined only by one condition in (A.1).
Summary and discussions
In this paper, we have studied the non-perturbative corrections to the ABJM partition function in the Fermi-gas approach. These non-perturbative corrections contain the contributions from the bound states of the worldsheet instantons and the membrane instantons, which originate from the M2-branes wrapping two different cycles M and W on the gravity dual side.
We have proposed an expression for the coefficients of the bound states f ℓ,m (k, µ) and the 3-and 4-membrane instanton corrections explicitly. We have found that the summation over the bound states is beautifully incorporated into the worldsheet instanton correction by redefining the chemical potential µ. We believe that our results on the bound states open up a new era in understanding instanton effects in M-theory since, unlike the worldsheet instanton or the membrane instanton, the bound states were not accessible from any established methods such as the topological strings or the WKB analysis in the Fermi-gas. Our method is basically the same as our previous work [18] by requiring the singularities coming from each instanton contribution to cancel and matching the finite results and the WKB expansions. We have also found that the non-perturbative correction to the grand potential can be reexpressed in a simpler form by using the redefined chemical potential. This result implies a deep hidden structure in the ABJM partition function.
We shall conclude our paper with discussions on the further directions.
Firstly, we have only used a limited number of data to propose analytic expressions, which are considered to have infinite coefficients potentially. It would be important to check our results in more details by increasing the data such as the WKB expansions and the finite results in the grand potential.
Secondly, after determining the coefficients up to 4-membrane instanton, we would like to head for a more general structure of the membrane instanton correction. For example, we have found that the redefinition of the chemical potential simplifies the expression substantially and the new expression enjoys an interesting relation among the coefficients. It would be interesting to understand the physical meaning of the redefinition. Perhaps, µ eff might be interpreted as a certain generalization of the flat coordinate on the quantum moduli space of local F 0 , including the membrane instanton corrections. The similarity pointed out below (3.29) may be useful to clarify the interpretation of µ eff . Along this line, we would like to raise a question whether µ or µ eff is more "fundamental". As we have seen, most of our general arguments are expressed more simply in µ eff . However, though we observed [18] in (A.1) a similarity in coefficients between J(1, µ) and J(2, µ) and between J(3, µ) and J(6, µ) even for terms not multiplied by 1/π 2 , this similarity is not found when expressed in µ eff .
Also, our general expression (4.18) for b ℓ (k), guided by the pole cancellation mechanism, contains the coefficients β ℓ,n and the relation between µ and µ eff contains the coefficients in e ℓ (k) or a ℓ (k). It is interesting to observe that these coefficients share some kind of integral property. It would be important to understand whether they can be expressed in terms of the GV or other invariants. We would like to study higher membrane instanton effects to clarify the structure.
Finally, it would be also interesting to study the relation, if any, between the worldsheet instanton corrections and the membrane instanton corrections under the inversion of the coupling k/2 → 2/k along the lines of [24] .
where the WKB expansion is given by
We find that a This result can be confirmed by using the large µ expansion of J 0 (µ) in [9] , 
